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Abstract
We review the classification of supersymmetric solutions to minimal
gauged supergravity in four dimensions. After a short introduction
to the main features of the theory, we explain how to obtain all its
solutions admitting a Killing spinor. Then, we analyze the rich math-
ematical structure behind them and present the supersymmetric field
configurations. Among them, we find supersymmetric black holes,
quarter and half BPS traveling waves, kink solutions, and supersym-
metric Kundt and Robinson-Trautman solutions. Finally, we general-
ize the classification to include external sources, and show a particular
solution describing a supersymmetric Go¨del-type universe.
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1 Introduction
Recently, significant steps have been made towards a classification of su-
persymmetric solutions of supergravity theories. Apart from the interest in
understanting the mathematical structure lying behind these BPS configura-
tions, such investigations are important due to the role supersymmetry has
played in the developments in string theory. Having at hand a systematic
approach to construct BPS solutions avoids the use of special ansa¨tze and
has lead to the discovery of many new supergravity backgrounds.
After the seminal work by Tod [1], who wrote down all metrics admitting
supercovariantly constant spinors in N = 2, D = 4 ungauged supergravity,
progress in this direction has been made mainly during the last years us-
ing the mathematical concept of G-structures [2]. This formalism has been
applied successfully to several supergravity theories [3–5]. New interesting
solutions have been obtained using these techniques, among which there are
a maximally supersymmetric Go¨del universe in five dimensions [4], super-
symmetric AdS black holes in five dimensions [6], D1-D5-P black hole mi-
crostates [7] in the spirit of the proposal by Mathur et al. [8], and half BPS
excitations of AdS×S configurations described by free fermions in the dual
field theories [9]. Moreover, the results for the simpler, lower-dimensional
supergravities can be uplifted to ten or eleven dimensions to describe some
sectors of ten- and eleven-dimensional supergravities.
In this article, we will review the classification of supersymmetric solu-
tions to minimal gauged supergravity in four dimensions [5, 10, 11], which
extends the early results [12–17], where only plane waves in AdS and BPS
solutions belonging to the general Petrov type D solution of Pleban´ski and
Demian´ski [18] were analyzed.
We will begin with a short introduction to minimal gauged supergravity
in four dimensions and a presentation of the technique used to find all its
supersymmetric solutions [5]. These fall in two cases, the “lightlike case”
and the “timelike case,” to be defined below. In section 3 we shall present
the complete classification of the lightlike solutions, showing that there is
an enhancement of the supersymmetry for a subfamily of solutions. Next,
in section 4, we shall present the general timelike solution, describe some
properties of the set of equations governing it and solve them in some cases,
obtaining interesting new solutions [11]. In section 5 we will extend the theory
to include external sources, and build a supersymmetric Go¨del universe [10].
The final section will be devoted to conclusions.
1
2 Minimal gauged supergravity
The gauged version of N = 2 supergravity in four dimensions was found
by Freedman and Das [19] and by Fradkin and Vasiliev [20]. In this theory,
the rigid SO(2) symmetry rotating the two independent Majorana supersym-
metries present in the ungauged theory is made local by introduction of a
minimal gauge coupling between the photons and the gravitini. Local super-
symmetry then requires a negative cosmological constant and a gravitini mass
term. The theory has four bosonic and four fermionic degrees of freedom; it
describes a graviton eaµ, two real gravitini ψ
i
µ (i = 1, 2), and a Maxwell gauge
field Aµ. As we said, the latter is minimally coupled to the gravitini, with
coupling constant ℓ−1. The bosonic trucation of the lagrangian reads
e−1L = −1
4
R +
1
4
FµνFµν − 3
2ℓ2
(1)
and describes the Einstein-Maxwell theory with a negative cosmological con-
stant Λ = −3ℓ−2. We are interested in supersymmetric solutions of this
model, i.e. bosonic solutions whose supersymmetry variation vanishes. A lo-
cal supersymmetry transformation generated by an infinitesimal Dirac spinor
ǫ produces a variation of the gravitino field equal to δψµ = Dµǫ, where
ψµ = ψ
1
µ + iψ
2
µ and the supercovariant derivative is defined by
Dµ = ∇µ − i
ℓ
Aµ + 1
2ℓ
Γµ +
i
4
FˆabΓabΓµ . (2)
Hence, a bosonic background is invariant under some local supersymmetry
transformations if there is some non-trivial solution to the Killing spinor
equation
Dµǫ = 0 . (3)
This equation implies the following integrability condition,
[Dν ,Dµ]ǫ =
[
1
ℓ
(∗FνµΓ5 − iFνµ) + 1
2ℓ2
Γνµ +
1
4
RabνµΓab
−FαβFβ[νΓµ]α + 1
4
FαβFαβΓνµ − i
ℓ
Fα[νΓµ]α
− i
2
Γαβ[ν∇µ]Fαβ − i∇[νFµ]αΓα
]
ǫ = 0 . (4)
For a solution to be maximally supersymmetric, condition (4) must impose no
algebraic constraint on the Killing spinor, and therefore the only maximally
supersymmetric geometry is given by AdS4 with vanishing gauge field. An
analogous result in five dimensions was obtained in [4].
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To find the most general BPS solution we suppose that the geometry ad-
mits at least one Killing spinor ǫ, which can be used to construct some bosonic
differential forms out of its bilinears. These forms are not all independent,
and in fact there are some algebraic relations linking them, derived from the
Fierz identities. Particularly important are the two one-forms Vµ = iǫ¯Γµǫ and
Aµ = iǫ¯Γ5Γµǫ. A first consequence of the algebraic relations is that V
2 ≤ 0,
and therefore the vector V µ is either timelike or null. For simplicity, we will
name timelike solutions the solutions which have a Killing spinor yielding a
timelike vector V and lightlike solutions the ones giving a null vector V . If
the solution preserves just one quarter of the supersymmetry, the timelike or
lightlike character of the solution produces a rough classification. However, if
there is some additional supersymmetry, the solution can fall in both classes,
depending on the particular Killing spinor used to define the vector V .
Next, the Killing spinor equation Dµǫ = 0 imposes a set of differential
constraints for these forms. In particular, one finds ∇(µVν) = 0 and dA = 0
that allow the introduction of two preferred coordinates t and z, defined by
V = ∂t and A = dz. Then, by cleverly using the algebraic and differential
constraints and imposing the equations of motion for the gauge field, one
obtains the most general form of the metric and gauge fields preserving some
supersymmetry [5]. In the timelike case, the Einstein equations automatically
follow from the integrability conditions for the Killing spinor, whereas in
the lightlike case the component along V ⊗ V of these equations has to be
additionally imposed. Finally, one obtains a last equation requiring that the
integrability conditions are satisfied, to ensure the actual existence of the
Killing spinor.
In the following we will analyze the solutions that arise, and review the
progress made towards a complete classification. We shall begin with the
lightlike case, which is simpler and allows for an exhaustive classification.
Then, we shall turn to the more complicated timelike case.
3 The lightlike case
The general lightlike supersymmetric solution is an electrovac traveling wave
with metric and electromagnetic field given by [5]
ds2 =
ℓ2
x2
[G(x, y, u) du2 + 2dudv + dx2 + dy2] , (5)
F = dA = ϕ′(u) du ∧ dx , A = ϕ(u) dx . (6)
Here, the arbitrary function ϕ′(u) defines the profile of the electromagnetic
wave propagating on this metric, while G(x, y, u) is any solution of the inho-
3
mogeneous Siklos equation [21]1
∆G − 2
x
∂xG = −4x
2
ℓ2
(ϕ′)
2
. (7)
The dependence of G(x, y, u) on u describes the profile of the gravitational
wave. The general solution to this equation reads [21]
G(ζ, ζ¯, u) = 1
2
(
ζ + ζ¯
) (
∂f + ∂¯f¯
)− (f + f¯)− (ϕ′(u))2
16ℓ2
(
ζ + ζ¯
)4
, (8)
where f(ζ, u) is an arbitrary holomorphic function in ζ = x+ iy.
This family of traveling waves enjoys a large group of coordinate trans-
formations which preserve the form (5) of the line element. Under the dif-
feomorphism (u, v, x, y) 7→ (u¯, v¯, x¯, y¯) defined by
u¯ = χ(u) , x¯ = x
√
χ′(u) , y¯ = y
√
χ′(u)− ψ(u) ,
v¯ = v − χ
′′(u)
4χ′(u)
(
x2 + y2
)
+
ψ′(u)√
χ′(u)
y + γ(u) , (9)
where χ(u), ψ(u) and γ(u) are arbitrary functions of u, the metric keeps the
same form (5) but with G¯(x¯, y¯, u¯) given by [21]
G¯(x¯, y¯, u¯) = 1
χ′(u)
[
G(x, y, u) + 1
2
{χ(u); u} (x2 + y2)− 2γ′(u)]
− 2y√
χ′(u)
(
ψ′(u)
χ′(u)
)
′
−
(
ψ′(u)
χ′(u)
)2
. (10)
Here, the prime denotes the derivative with respect to u, while
{χ(u); u} = χ
′′′(u)
χ′(u)
− 3
2
(
χ′′(u)
χ′(u)
)2
(11)
defines the Schwarzian derivative. These are not Killing symmetries, the
metric changes, but solutions are brought into other solutions. The special
diffeomorphisms with ψ(u) = γ(u) = 0 correspond to reparameterizations
of the coordinate u; this transformation group is generated by a central
extension of the Virasoro algebra [22].
To obtain a complete classification of these solutions one has to solve
the Killing spinor equation and obtain the exact fraction of supersymmetry
preserved by them. This can be done exactly (see [11]), and surprisingly it
turns out that a subclass of these solutions has an enhanced supersymmetry.
It is useful to consider separately the cases with and without gauge field
excitations.
1In this review, ∆ = ∂2
x
+ ∂2
y
denotes the two-dimensional flat laplacian in (x, y) plane.
4
3.1 Purely gravitational waves
This case, with ϕ′(u) = 0, has been extensively studied in [21]. Two cases
are possible, and the vanishing of (∆−G)2 + 4 (G,xy)2, with ∆− ≡ ∂2x − ∂2y
discriminates them.
The maximally supersymmetric case: The condition ∆−G = G,xy = 0
is satisfied if and only if the spacetime is AdS [21]. In this case no condition is
imposed on the Killing spinor by the integrability conditions, and one recovers
the well-known result that AdS is a maximally supersymmetric spacetime
[23]. This is the unique maximally supersymmetric solution of the model
under consideration [5].
One quarter BPS Lobatchevski waves: When ∆−G 6= 0 or G,xy 6= 0,
the spacetime describes an exact AdS gravitational wave [24]. The integra-
bility conditions project out half of the components of the Killing spinor,
but while solving the Killing spinor equation, an additional condition on the
Killing spinor emerges, leaving just one quarter of the supersymmetries, as
shown in [17]. This is a very simple example that shows that the vanishing
of the supercurvature is not a sufficient condition to ensure the existence of
Killing spinors.
3.2 The electromagnetic case
Let us now turn on the electromagnetic field and consider the case where
ϕ′(u) 6= 0. Generically, these solutions preserve one quarter of the super-
symmetries. However, if the solution of the Siklos equation assumes a very
particular form, then there is a supersymmetry enhancement. It was shown
in [11] that for
G(x, y, u) = − 1
ℓ2
ϕ′(u)2x4+
1
6
ξ3(u)x
3+
1
2
ξ2(u)
(
x2 + y2
)
+ξ1(u)y+ξ0(u) (12)
where ξ0(u) and ξ1(u) are arbitrary functions and ξ2(u) and ξ3(u) are given
by
ξ2(u) =
8
9
(
ϕ′′(u)
ϕ′(u)
)2
− 2
3
ϕ′′′(u)
ϕ′(u)
− 2α2ℓ2 [ϕ′(u)]4/3
ξ3(u) = 12α [ϕ
′(u)]
5/3
. (13)
the supergravity solution preserves exacly one half of the supersymmetries.
Recently, the same phenomenon has been noted in the case of five-dimensional
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SUSY
purely gravitational solutions
ϕ′(u) = 0
electrovac spacetimes
ϕ′(u) 6= 0
1/4 Lobatchevski wave G 6= Gα
1/2 none Gα(u, x, y) (14)
3/4 none none
Max AdS4 none
Figure 1: Classification of supersymmetric spacetimes in the lightlike case.
Note that the fraction 3/4 of supersymmetry cannot be preserved.
minimal gauged supergravity [26]. In (13), α is an arbitrary real integration
constant, which turns out to be the only physical parameter, since by an
appropriate diffeomorphism of the form (9), explicitely given in [11], it is
possible to put the metric in a canonical form where F = du ∧ dx and
Gα(x, y, u) = −x
4
ℓ2
+ 2αx3 − α2ℓ2 (x2 + y2) , ϕ(u) = u . (14)
Finally, it is important to distinguish between the α = 0 and α 6= 0 solu-
tions. Siklos obtained a beautiful classification for spacetimes of the form
(5), according to the number of independent Killing vectors [21]. It follows
that for α = 0 the spacetime admits a five-dimensional group of isometries,
generated by five Killing vectors. We shall meet again this metric as the
timelike solution (38) of section 4.2. On the other hand, when α 6= 0, the
canonical form of G falls in the A(x, y) class of [21], meaning that the only
Killing vectors are ∂u and ∂v.
In any case, by computing the norm squared of the Killing vectors V
constructed from the Killing spinors, one checks that every one half super-
symmetric lightlike solution is also a timelike solution.
The complete classification of supersymmetric solutions in the lightlike
case is summarized in table 1.
4 The timelike case
The general BPS solution for timelike V µ reads [5]
ds2 = − 4
ℓ2FF¯
(
dt+ ωidx
i
)2
+
ℓ2FF¯
4
[
dz2 + e2φ
(
dx2 + dy2
)]
, (15)
F = ℓ
2
4
FF¯
[
V ∧ df + ∗
(
V ∧
(
dg +
1
ℓ
dz
))]
,
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where i = 1, 2; x1 = x, x2 = y, and we defined ℓF = 2i/(f − ig), with
f = ǫ¯ǫ and g = iǫ¯Γ5ǫ. The timelike Killing vector is given by V = ∂t and the
functions φ, F , F¯ , that depend on (x, y, z), are determined by the system
∆F + e2φ[F 3 + 3FF ′ + F ′′] = 0 , (16)
∆φ+
1
2
e2φ[F ′ + F¯ ′ + F 2 + F¯ 2 − FF¯ ] = 0 , (17)
φ′ − Re(F ) = 0 , (18)
where ∆ = ∂2x+∂
2
y , and a prime denotes differentiation with respect to z. (16)
comes from the combined Maxwell equation and Bianchi identity, whereas
(17) results from the integrability condition for the Killing spinor ǫ. Finally,
the shift vector ω is obtained from
∂zωi =
ℓ4
8
(FF¯ )2ǫij(f∂jg − g∂jf) ,
∂iωj − ∂jωi = ℓ
4
8
(FF¯ )2e2φǫij
(
f∂zg − g∂zf + 2f
ℓ
)
, (19)
with ǫ12 = 1.
Before presenting the explicit solutions of the timelike case, let us study
some general properties of the system (16) – (18).
Decomposing F into its real and imaginary part, F = A+ iB, one checks
that the real part of eqn. (16) follows from (17) and (18), so that the remain-
ing system is
∆B + e2φ
[
3φ′2B −B3 + 3φ′B′ + 3Bφ′′ +B′′] = 0 , (20)
∆φ+
1
2
e2φ
[
2φ′′ + φ′
2 − 3B2
]
= 0 , (21)
together with A = φ′. These equations can be derived from the action
S =
∫
d2x dz
[
∇B · ∇φ+ 1
2
e2φ
(
B3 + 2B′φ′ + 3Bφ′
2
)]
, (22)
which enjoys various symmetries: first of all, we note that it is invariant
under PSL(2,R) transformations
z → az + b
cz + d
, ad− bc = 1 , (23)
if B transforms like a conformal field of weight two and φ as a Liouville field.
As a consequence, F has a connection-like transformation behaviour. This
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symmetry acts in a nontrivial way on supergravity solutions, and can be used
to generate new BPS solutions starting from known ones.
There is an additional infinite-dimensional conformal symmetry, corre-
sponding to holomorphic coordinate transformations in x + iy. However, it
is easy to see that, from the four-dimensional point of view, these repre-
sent diffeomorphisms that preserve the conformal gauge for the two-metric
e2φ(dx2+ dy2). Thus, unlike the PSL(2,R) transformations above, this sym-
metry cannot be used to generate new solutions.
4.1 “Purely magnetic” solutions (F real)
Let us consider first solutions with F real. Then, in the coordinates (15),
the electric components of the field F vanish. For this reason, we shall refer
to these configurations as “purely magnetic” solutions. One has B = 0, and
the only equation to solve is (21), that reduces to
∆φ+
1
2
e2φ
[
φ′
2
+ 2φ′′
]
= 0 . (24)
This is similar to the continuous (SU(∞)) Toda equation (or heavenly equa-
tion) which determines self-dual Einstein metrics admitting at least one ro-
tational Killing vector [25].
This highly nonlinear equation is difficult to solve; however, under the
simplifying assumption that A is a function of z alone, one finds
A =
2az + b
az2 + bz + c
, φ =
∫
A(z) dz + γ(x, y) , (25)
with a, b and c being real integration constants obeying 4ac− b2 = k. Equa-
tion (24) reduces then to a Liouville equation for γ(x, y),
∆γ +
k
2
e2γ = 0 , (26)
describing the metric on euclidean two-manifolds of constant curvature k.
When a = 0, this curvature is negative, and one obtains the anti-Nariai
AdS2 ×H2 spacetime, with a purely magnetic Maxwell field,
ds2 = −4z
2
ℓ2
dt2 +
ℓ2
4z2
dz2 +
ℓ2
2x2
(dx2 + dy2), (27)
F = − ℓ
2x2
dx ∧ dy .
This configuration preserves half of the supersymmetries, and admits an
osp(2|2)⊕ so(2, 1) ∼= su(1, 1|1)⊕ su(1, 1) isometry superalgebra [15].
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When a 6= 0, the supergravity solution is given by
ds2 =
(
z
ℓ
+
kℓ
4z
)2
dt2 +
dz2(
z
ℓ
+ kℓ
4z
)2 + z2e2γ(dx2 + dy2) , (28)
F = kℓ
4
e2γdx ∧ dy .
and its properties are determined by the sign of the curvature k of the trans-
verse two-metric. We obtain thus the following classification:
Positive curvature: Using polar coordinates (r, σ) on the (x, y) plane, the
metric and gauge field are given by (28), with the Liouville field
e2γ =
2m2
kr2 cosh2(m ln r)
. (29)
Introducing new coordinates (θ, ϕ) defined by rm = tan θ/2, mσ = ϕ, we get
e2γ(dr2 + r2dσ2) =
2
k
(dθ2 + sin2 θdϕ2) . (30)
As σ is identified modulo 2π, we see that ϕ ∼ ϕ + 2πm, so that the effect
of the parameter m is to introduce a conical singularity (0 < m < 1) or an
excess angle (m > 1) on the north and south poles of the two-sphere. For
m = 1 there is no singularity, and the solution reduces to the one-quarter
supersymmetric magnetic monopole found by Romans [12]. The magnetic
charge of the solution reads
Qm =
1
4π
∫
F = mℓ
2
. (31)
If m 6= 1, there is a magnetic fluxline that passes through x = y = 0,
which causes the magnetic charge to be different from the value Qm = ℓ/2
of Romans’ solution.
Vanishing curvature: If k = 0, the function γ(x, y) is harmonic, so that
the two-manifold with metric e2γ(dx2 + dy2) is flat. The choice γ = 0 leads
to the maximally supersymmetric AdS4 vacuum solution, which is the only
configuration with maximal supersymmetry [5].
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Negative curvature: For a 6= 0 we can take without loss of generality
A =
2z
z2 + kℓ
2
4
. (32)
Then, the solutions of the Liouville equation (26) are classified according to
their monodromy (see for example [27]). Using polar coordinates (r, σ) on
the (x, y) plane, we have the following σ-independent solutions:
• Elliptic monodromy: e2γ = − 2m
2
kr2 sinh2(m ln r)
,
• Parabolic monodromy: e2γ = − 2
kr2 ln2 r
,
• Hyperbolic monodromy: e2γ = − 2m
2
kr2 sin2(m ln r)
.
Here, m is a constant related to the Liouville momentum. In the case of
elliptic monodromy and m = 1, this reduces to the configuration found in
[14]2, which preserves one quarter of the supersymmetry and admits an s(2)⊕
su(1, 1) isometry superalgebra [15], and represents an extremal black hole
with an hyperbolic event horizon located at z =
√−kℓ/2.
4.2 “Purely electric” solutions (F imaginary)
If one assumes instead the function F to be purely imaginary, the field con-
figurations have vanishing magnetic field in the coordinate system (15), and
therefore we will refer to these solutions as the “purely electric” ones. In this
case A = 0, and thus φ and B are independent of z. The equations (20) and
(21) reduce to
∆B − e2φB3 = 0 , (33)
∆φ − 3
2
e2φB2 = 0 . (34)
This system follows from the two–dimensional dilaton gravity action
S =
∫
d2x
√
g
[
BR +B3
]
, (35)
if we use the conformal gauge gijdx
idxj = e2φ(dx2+dy2). However, the equa-
tions of motion following from (35) contain also the constraints δS/δgij = 0
2For generalizations to five dimensions see [28, 29].
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(whose trace yields (33)), and therefore they are more restrictive than the
system (33), (34). Of course, every solution that extremizes the action (35)
is a solution of our system, but not vice versa. It is interesting to note that
(35) is similar to the action that arises from Kaluza-Klein reduction of the
three-dimensional gravitational Chern-Simons term [30], with the only dif-
ference that here B is a fundamental field, whereas the field arising in [30] is
the curl of a vector potential.
If we use the ansatz B = xκ, equations (33) and (34) are satisfied for
κ = 2 and κ = −1/3. The former value of κ yields the BPS solution [5]
ds2 = − ℓ
4
x4
(
dt+
2x
ℓ
dy
)2
+
x4
ℓ4
dz2 +
ℓ2
2x2
(
dx2 + dy2
)
, (36)
F = 2ℓ
2
x3
dt ∧ dx− 7ℓ
2x2
dx ∧ dy . (37)
This metric has four Killing vectors acting transitively on the whole space-
time and represents a homogeneous, stationary and geodesically complete
BPS spacetime endowed with a nonnull electromagnetic field. In the context
of Einstein-Maxwell theory, this Petrov type I solution was obtained in [31].
For the other value of the exponent, κ = −1/3, the four-dimensional
geometry and the electromagnetic field strength are respectively
ds2 = −4x
2/3
ℓ2
(
dt− ℓ
2
6x4/3
dy
)2
+
ℓ2
4x2/3
dz2 +
ℓ2
9x2
(dx2 + dy2) , (38)
F = − 2
3ℓx2/3
dt ∧ dx . (39)
By means of a coordinate transformation, this solution can be recast in the
electrovac AdS travelling wave of section 3 with α = 0, and therefore pre-
serves half of the supersymmetries and admits five Killing vectors.
4.3 Solutions with F = A(z) + iB(x, y, z).
If we allow only for a z-dependence in A, the conformal factor φ of the
transverse two-metric is given by (25), with γ(x, y) an integration constant.
Defining
β(x, y, z) = B exp
∫
A(z) dz , (40)
the equations can be further simplified in two cases, according to which
coordinates the function β depends on.
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4.3.1 The case β = β(x, y)
The simplest case of vanishing β has been analyzed in section 4.1. By re-
laxing this condition and allowing for an (x, y)-dependence in β, the BPS
configurations have A and φ given by (17), and are described by the system
∆γ +
1
2
e2γ
(
k − 3β2) = 0 , (41)
∆β + e2γ
(
kβ − β3) = 0 , (42)
where k denotes an arbitrary constant and (a, b, c) are real integration con-
stants obeying 4ac− b2 = k.
It is interesting to observe that if we choose a = 1, b = c = 0, so that
k = 0 and A = 2/z, the system for β and γ reduces to the same set of
equations (34) and (33) that describes “purely electric” solutions. Therefore,
to any “purely electric” solution we can associate a new BPS configuration.
Let us apply this to the solutions presented in section 4.2. Starting from the
Petrov type I solution (36) one obtains
ds2 = − z
4
ℓ2(z2 + x4)
dt2 +
ℓ2(z2 + x4)
z4
dz2 +
ℓ2(z2 + x4)
2x6
dx2 +
+
2z2(z2 − 6x4)
3x3(z2 + x4)
dt dy +
7ℓ2(z4 + 6z2x4 − 9x8)
18x6(z2 + x4)
dy2 , (43)
F = 1
(z2 + x4)2
[
−2
ℓ
xz2(z2 − x4)dt ∧ dx− 2
ℓ
x6z dt ∧ dz +
+
14
3
ℓx3z dy ∧ dz − 7ℓ
6x2
(z2 − x4)(z2 − 3x4)dx ∧ dy
]
,
while the configuration related to the BPS solution (38) is
ds2 = − z
4x2/3
ℓ2(1 + z2x2/3)
dt2 +
2z2
3x2/3
dt dy +
ℓ2(1 + z2x2/3)
z4x2/3
dz2
+
ℓ2(1 + z2x2/3)
9x2
dx2 , (44)
F = − 2zx
1/3
ℓ(1 + z2x2/3)2
dt ∧ dz − z
2(1− z2x2/3)
3ℓx2/3(1 + z2x2/3)2
dt ∧ dx .
A calculation of the Weyl scalars shows that the two spacetimes, as be-
fore, are of Petrov type I and N respectively. Note that these solutions can
also be obtained from their “purely electric” counterparts by an appropriate
PSL(2,R) transformation.
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4.3.2 Kink solutions and generalizations
More general solutions can be obtained in the β = β(x, y) case. As shown
in [11], the system (41)-(42) follows from the dimensionally reduced gravita-
tional Chern-Simons model considered in [30]. Therefore, to any solution of
this model we can associate a BPS solution of the gauged supergravity. Using
(for k > 0) the “kink” solution [30], one obtains the supergravity solution
ds2 = − 1
ℓ2
(z2 + ℓ
2
4
)2
z2 + ℓ
2
4
tanh2 X
2
[
dt+
(
ℓ3
4(z2 + ℓ
2
4
) cosh4 X
2
− ℓ
cosh2 X
2
)
dy
]2
+ℓ2
z2 + ℓ
2
4
tanh2 X
2
(z2 + ℓ
2
4
)2
dz2 + (z2 +
ℓ2
4
tanh2
X
2
)(dX2 +
dy2
cosh4 X
2
) , (45)
A = 1
2
z2 + ℓ
2
4
z2 + ℓ
2
4
tanh2 X
2
tanh
X
2
dt .
Asymptotically for X → ±∞ the gauge field goes to zero and the metric
approaches AdS4 written in nonstandard coordinates [16], so that the “kink”
solution (45) interpolates between two AdS vacua at X = ±∞.
Grumiller and Kummer were able to write down the most general solution
of the dimensionally reduced gravitational Chern-Simons theory using the
fact that it can be written as a Poisson-sigma model with four-dimensional
target space and degenerate Poisson tensor of rank two [32]. This gives rise
to new BPS supergravity solutions generalizing (45),
ds2 = − 1
ℓ2
(z2 + ℓ
2
4
)2
z2 + ℓ
2
4
tanh2 X
2
[
dt+
(
ℓ3(1 + δ)
4(z2 + ℓ
2
4
) cosh4 X
2
− ℓ
cosh2 X
2
)
dy
]2
+ℓ2
z2 + ℓ
2
4
tanh2 X
2
(z2 + ℓ
2
4
)2
dz2 +
(z2 + ℓ
2
4
tanh2 X
2
)
1 + δ
(
dX2 +
(1 + δ)2
cosh4 X
2
dy2
)
,
A = 1
2
z2 + ℓ
2
4
z2 + ℓ
2
4
tanh2 X
2
tanh
X
2
dt+ δ0
ℓ3
8
tanh X
2
z2 + ℓ
2
4
tanh2 X
2
dy . (46)
with δ = δ0 cosh
4 X
2
. In the special case δ0 = 0 we recover the kink solution
considered above. This solutions has been recently further analyzed in [33],
where it was interpreted as a soliton consisting of photons kept together by
gravity.
Note that all these solutions are defined only for k ≥ 0. One can now ver-
ify that the domain of the parameter k can be extended also to the negative
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region. This yields the solution
ds2 = − 1
ℓ2
(z2 − ℓ2
4
)2
z2 + ℓ
2
4
tan2 X
2
[
dt−
(
ℓ3(1 + δ)
4(z2 − ℓ2
4
) cos4 X
2
+
ℓ
cos2 X
2
)
dy
]2
+ℓ2
z2 + ℓ
2
4
tan2 X
2
(z2 − ℓ2
4
)2
dz2 +
(z2 + ℓ
2
4
tan2 X
2
)
1 + δ
(
dX2 +
(1 + δ)2
cos4 X
2
dy2
)
,
A = −1
2
z2 − ℓ2
4
z2 + ℓ
2
4
tan2 X
2
tan
X
2
dt + δ0
ℓ3
8
tan X
2
z2 + ℓ
2
4
tan2 X
2
dy , (47)
with δ = δ0 cos
4 X
2
.
4.3.3 The case β = β(z)
In this case B must be a function of the coordinate z alone, and the system
of equations describing this subset of solutions is
B′′ + 3 (AB)′ +B
(
3A2 − B2) = 0 , (48)
Rˇ(γ) = k , (49)
e2
∫
dzA(z)
[
2A′ + A2 − 3B2] = k , (50)
where Rˇ(γ) is the curvature scalar of the two-manifold with metric ds2 =
e2γ (dx2 + dy2). Without loss of generality we can set k = 0,±1. The general
solution for the complex function F = F (z) is therefore [5]
F =
2az + b
az2 + bz + c
, (51)
where a, b and c are complex integration constants (if these constants are real,
we fall back in the “purely magnetic” case already considered in section 4.1).
If we take a = 0, we obtain the solution AdS2 × H2 with magnetic flux on
H
2 already considered in section 4.1.
The case a 6= 0 was solved in [5], where it was shown that one recovers
the supersymmetric Reissner-Nordstro¨m-Taub-NUT-AdS4 solutions [16] with
metric
ds2 = N(dt + ωφdφ)
2 − dz
2
N
+ (z2 + n2)(dθ2 + S2k(θ)dφ
2) , (52)
N = −z
4 + 2z2(n2 − lP )− 4nlQz + n2(n2 + 2lP ) + l2(Q2 + P 2)
l2(z2 + n2)
, (53)
ωφ =


−2nθ
2n cos θ
−2n cosh θ
and Sk(θ) =


1
sin θ
sinh θ
for k =


0
1
−1
. (54)
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Here, n denotes the NUT parameter, and Q and P are the electric and
magnetic charges respectively. These are fixed by the constants a, b and c,
n = i
(
b¯
4a¯
− b
4a
)
,
Q =
i
2l
( c
a
− c¯
a¯
)
,
P = − 1
2l
(
2n2 +
c
a
+
c¯
a¯
)
.
The electromagnetic field strength is easily obtained from (16). One checks
that the final solution belongs to the Reissner-Nordstro¨m-Taub-Nut-AdS
class of solutions [16], with arbitrary nut charge n and electric charge Q,
whereas the magnetic charge P and mass parameter M are given by
P = −kl
2 + 4n2
2l
, M =
2nQ
l
. (55)
These are exactly the conditions on P and M found in [16], under which the
RN-TN-AdS solutions preserve one quarter of the supersymmetry3. Note
that, taking more general solutions of the Liouville equation (49), one would
obtain a larger class of BPS configurations, and in particular recover all
purely magnetic solutions of section 4.1.
4.4 Harmonic solutions
Another rich class of solutions can be found if we choose F to be harmonic,
∆F = 0. Equation (16) gives
F =
2az + b
az2 + bz + c
, (56)
where a, b and c are arbitrary holomorphic functions of ζ = x + iy. Using
the Eddington-Finkelstein-like coordinate u = t + ℓ
2
4
∫
FF¯dz, the solution
assumes the form
ds2 = − 4
ℓ2FF¯
(du+ w)2+2 (du+ w) dz+
ℓ2
4
|2az+b|2e2γ (dx2 + dy2) , (57)
F = dA , A = i
ℓ
(
1
F
− 1
F¯
)
(du+ w) +
ℓ
2
dˇγ . (58)
3The other sign for P given in [16] can be obtained by replacing φ→ −φ, n→ −n.
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Here, dˇ ≡ dxiǫij∂j , and w = dˇψ, where ψ(x, y) is a function satisfying
∆ψ = i
ℓ2
2
e2γ(ab¯− ba¯) . (59)
Finally
Rˇ (γ) = 2 (ac¯ + a¯c)− bb¯ , (60)
showing that the scalar curvature Rˇ (γ) = −e−2γ∆2γ of the two-dimensional
metric e2γ(dx2 + dy2) is not constant in general.
Let us consider now some particular solutions. If the functions a, b and
c are constant, we fall in the cases already studied in sections 4.1 and 4.3.3.
More precisely, if a = 0 we obtain the anti-Nariai spacetime AdS2×H2, while
for a 6= 0 the BPS limits of the RNTN-AdS4 family of solutions are recovered.
We will analyse now these two cases allowing for non-constant functions.
4.4.1 Supersymmetric Kundt solutions (a = 0)
When a = 0, after performing some diffeomorphisms, one finds that the
transverse two-metric has a constant negative curvature, and describes (at
least locally) an hyperbolic plane H2. The metric and gauge field read
ds2 = − 4
ℓ2
|z + c|2du2 + 2dudz + ℓ
2
2x2
(
dx2 + dy2
)
, (61)
A = i
ℓ
(c− c¯) du+ ℓ
2x
dy , (62)
where c is an arbitrary holomorphic function c = c(ζ). This metric is precisely
of the Kundt form, describing manifolds admitting a non-expanding, non-
twisting null congruence of geodesics, and the solution has the interpretation
of supersymmetric electromagnetic and gravitational waves propagating on
anti-Nariai spacetime. This is a particular case of the more general solution
found in [34]. Its Petrov type is II.
4.4.2 Supersymmetric Robinson-Trautman solutions (a 6= 0)
If, instead, a 6= 0, the solution is determined by two arbitrary functions β(ζ)
and δ(ζ), holomorphic in ζ = x+ iy. The solution reads
ds2 = −|(z + β)
2 − δ|2
ℓ2|z + β|2 (du+ w)
2+2 (du+ w) dz+ℓ2|z+β|2e2γ (dx2 + dy2) ,
(63)
A = −Im
[
((z + β)2 − δ) (z + β¯)]
ℓ |z + β|2 (du+ w) +
ℓ
2
dˇγ . (64)
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The system of equations for γ and ψ describing this class of supersymmetric
configurations is
Rˇ(γ) = −4 [2(Im β)2 + Re δ] , (65)
∆ψ = 2ℓe2γIm β . (66)
If β and δ are constant functions, then, as already stressed, this solution is
of Petrov type D and belongs to the RNTN-AdS4 family of solutions. In
general, solution (64) describes electromagnetic and gravitational expanding
waves propagating on these supersymmetric RNTN-AdS4 backgrounds.
The simplest such solution is obtained taking β to be some real constant
κ. Then w = 0, and defining the function P =
√
2ℓ−1e−γ and the operator
∆∗ ≡ 1
2
P 2∆, the solution reads
ds2 = −
[
z2
ℓ2
+∆∗ lnP +
|δ|2
ℓ2z2
]
du2 + 2dudz +
2z2
P 2
(
dx2 + dy2
)
, (67)
A = Im δ
ℓz
du− ℓ
2
dˇ lnP . (68)
with P (x, y) any solution of ∆∗∆∗ lnP = 0, while Im δ is determined by
the fact that δ is holomorphic and its real part is fixed by Rˇ(γ) = −4Re δ.
This metric is clearly of the Robinson-Trautman form, describing manifolds
admitting an expanding, non-twisting null congruence of geodesics. In fact,
it is of Petrov type II and generalizes the massless and purely gravitational
Robinson-Trautman class of solutions found in [34] by adding electromagnetic
waves in it. It has therefore the interpretation of supersymmetric electromag-
netic and gravitational expanding waves propagating on the BPS Reissner-
Nordstro¨m-AdS4 spacetimes.
5 Inclusion of external matter
In [10] the analysis of BPS solutions to minimal gauged supergravity in four
dimensions was extended to include external matter. As in the ungauged
case [1], supersymmetry imposes the condition that the sources form a per-
fect fluid with vanishing pressure. Such sources, together with a negative
cosmological constant are the needed ingredients to obtain the Go¨del uni-
verse [35]. It turns out that there are members of the family of Go¨del-type
solutions in four dimensions [36] that preserve one quarter of the supersym-
metry [10].
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If we allow external charged sources carrying electric current Jeµ and mag-
netic current Jmµ , the Maxwell equations read
∇µFµν = −4πJeν , ∇[µFνρ] =
4π
3
ǫµνρ
σJmσ . (69)
Imposing the integrability conditions (4) one obtains, after some algebra, the
BPS conditions on the currents,
J = Je + iJm = κ(f − ig)V , (70)
where κ is an arbitrary real function. Conservation of J requires time-
independence of κ, and the Einstein equations imply that these sources have
the dust stress tensor T extµν = κVµVν . Conservation of the combined energy-
momentum tensor of the electromagnetic field and the sources finally imposes
the vanishing of magnetic current Jm, and thus g = 0.
The general timelike solution is then found following the same steps as
those leading to the sourceless timelike solution [5]. In fact, the only differ-
ence is in Maxwell’s equations which include now the sources. The general
supersymmetric solution with timelike Killing vector V µ is therefore still
given by (15), (17) and (19), but with (16) replaced by
∆F + e2φ[F 3 + 3FF ′ + F ′′ + 4πκF ] = 0 . (71)
Furthermore, the condition g = 0 yields F¯ = −F , F ′ = 0, so that now the
functions F and φ are determined by solving the system
∆F + e2φ[F 3 + 4πκF ] = 0 , (72)
∆φ+
3
2
e2φF 2 = 0 . (73)
A simple solution of these equations can been obtained in assuming that
κ is a positive constant. This leads to the metric
ds2 = − 1
πκℓ2
(
dt− 2ℓ
2
√
πκ
3x
dy
)2
+ πκℓ2 dz2 +
ℓ2
6x2
(
dx2 + dy2
)
, (74)
with a constant magnetic flux through the transverse manifold,
F = ℓ
6x2
dx ∧ dy . (75)
A detailed analysis shows that this solution preserves exactly 1/4 of the
original supersymmetry and represents a Go¨del-type spacetime with vorticity
Ω = 2/ℓ and parameter m =
√
6/ℓ [36]. This is a spacetime homogeneous
universe with rigidly rotating dust and a magnetic field.
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6 Final remarks
In conclusion, significant progress has been made in the understanding of su-
persymmetric solutions to minimal gauged supergravity in four dimensions.
In the lightlike case, a complete description of the BPS configurations has
been obtained, showing in particular an enhancement of the supersymme-
try for very particular profiles of the traveling waves. The timelike case is
much more complicated, but we have been able to get some insight in the
mathematical structure underlying the equations governing it, and to extract
different subfamilies of BPS solutions of physical interest, some of which were
previously unknown.
However, in the timelike case, many issues remain to be settled. One
would like to refine the classification in the sense of finding the additional
restrictions on the geometries in order that they preserve more than one su-
persymmetry, and to see whether 3/4 supersymmetric solutions are possible
at all. This is technically not easy, since the timelike solution is much less
explicit than the lightlike one, but may uncover new interesting supergravity
solutions, as for example configurations representing microstates for super-
symmetric AdS black holes. Moreover, it should be possible to recover the
supersymmetric Kerr-Newman-AdS solution [13,14] from the general form of
the BPS solutions, but this probably involves some complicated coordinate
change, and we did not yet succeed to obtain it.
A deeper understanding of the mathematical structure behind the system
of differential equations governing the timelike solutions and of its symmetries
would simplify these tasks. Since a subsector of the general equations yields
the dimensionally reduced gravitational Chern-Simons action, one may won-
der whether the complete system (16) – (18) is described by the gravitational
Chern-Simons theory in three dimensions [37].
Finally, one could consider matter-coupled gauged supergravity, where a
large class of supersymmetric black holes is known [38, 39], and see whether
a classification of BPS solutions is still feasible.
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